The work presents new expressions related to wave energy density and flux based on Stokes and cnoidal waves theories. It shows that as progressive waves of finite amplitude propagate a compensatory reverse flow is formed within the bottom fluid layers. The existence of such flow was experimentally confirmed. Modified mathematical models for surface waves over a non-uniform bottom and of a free plane configuration are suggested. A method of calculating the wave transformation and the currents in the surf zone is proposed. Computations made over a wide range of variations in wave parameters are presented.
However there are still many areas where more knowledge is needed, especially in respect of nonlinear waves, such as wave transformation above a non-uniform bottom, wave interaction, wave energy transfer and dissipation.
This and accompanying paper first take a stock of known theories and thereafter presents new mathematical models of surface waves, and also gives some new solution results.
PROGRESSIVE WAVE ON THE FLOW SURFACE
WITH A CONSTANT DEPTH 2.1. Stokes waves 2.1.1. Stokes solution The problem concerning stationary progressive waves of finite height on the water surface with a constant depth was first solved by Stokes (1847) . It was assumed that the fluid is incompressible and irrotational. The wave profile, axes of coordinates and basic notations are given in Fig. 1 .
The wave shape and the speed of its propagation are assumed to be constant. In this case in the system of coordinates x, z, which moves along the direction of the wave with phase speed C, the movement will be steady.
Stokes derived the solution of the problem in the moving coordinate system in the form of a Fourier series.
Thus, for a finite and constant depth in the 2 nd approximation, the relations for velocity potential φ, wave profile η and phase speed C are as follows:
(1) For the deep water Stokes derived a solution accurate to the 3 rd approximation. In particular, he concluded that the phase speed of finite amplitude waves depends not only on the length, but also on the height of the wave.
(4) Stokes also presented expressions for particles trajectories of progressive waves. He found out that while by waves of small height fluid particles move along closed elliptic trajectories (circular for the deep water), by higher waves, particles of fluid perform both oscillatory and advancing movement in the direction of the wave propagation.
The expressions for velocity u t of a unidirectional advancing fluid particles are as follows:
finite depth (5) deep water (6) where z 0 = a vertical coordinate of a particle in an unperturbed state.
Some other known solutions
The equations on non-linear waves by the method of asymptotic expansion of solutions considering power series of a small parameter have been derived by many authors, such as Struik (1926) , De (1955) , Chappelear (1961) , Skjelbreia and Hendrickson (1961) , Aleshkov and Ivanova (1972) , Fenton (1985) and other authors. The solutions accurate to the 5 th approximation have been derived. Below, for the purpose of comparison, the work presents various authors' solutions for velocity potential and free surface profile in the moving coordinate system accurate to the 3 rd approximation. Solution of Aleshkov and Ivanova (1972) is (7) where Solution of Fenton (1985) is (9) (10)
where a 1 = H/2. When comparing theoretical results of different authors, it is clear that up to the 2 nd approximation their solutions coincide with the Stokes solution, whereas, starting from the 3 rd approximation solutions differ from each other.
A more complete solution
As already noted above, for progressive waves, which are propagating on the water surface with a constant depth, the motion in the coordinate system, which is moving with the wave's phase speed, will be steady. Moreover, the flow is two-dimensional and potential. It is known that for such a flow it is possible to find a stream function ψ, identically conforming to the equation of continuity and associated with the velocity potential φ by the conditions of Cauchy-Riemann (11) Any stream line of the flow can be regarded as a solid border. In particular, the line of free surface is one of the stream lines.
Generally, it is necessary to find a solution for the free surface profile, as well as the velocity potential and the stream function. However, the majority of published works, investigating stationary progressive waves of finite amplitude with constant depth, give solutions only for the wave profile and for the velocity potential. A refined solution of the progressive wave problem is therefore presented below.
The wave profile η, moving with the phase speed C, the system of coordinates xz and the major parameters d, H, λ are schematically shown on the Fig. 1 .
Let us define for the waves of finite amplitude the functions η(x), φ(x, z), ψ(x, z).
Further let's introduce dimensionless values
where b -Bernoulli constant. Below the index (*) is omitted. Let us find the functions φ(x, z), η(x), which comply with the equation of continuity 
and the boundary conditions on the free surface by z = η
For the stream function and the wave profile the problem is formulated as follows. It is required to find the functions ψ(x, z) and η(x), which satisfy the condition of vorticity absence (16) and the boundary condition at the bottom by z = −d If ε = ka is a small parameter (a -typical amplitude of free surface fluctuations) and the solution can be presented in the form of power series of a small parameter ε, then to the first approximation we obtain (20) (21) (22) To the second approximation the solution of the problem can be recorded as follows Shakhin (2001) (23)
The wave profile is the streamline, where ψ = 0. Then from the equation (24) we derive the relation for the wave profile (25) It is worth noting that the derived relation eqn. (25) for the wave profile coincides with the wellknown Stokes relation eqn. (2). However, the relation for the velocity potential eqn. (23) is different. In Stokes solution eqn. (1) the last member is absent. This member takes into account the existing compensatory reverse flow in the lower layers of the fluid.
The expressions for the horizontal u -and the vertical w velocity components are as follows
Knowing φ and η, from the equation (15) it is possible to determine the phase speed of the wave C and the constant b If the relation eqn. (31) is integrated by depth from −d to η and by time from 0 to T, then we derive, that the average flow rate Q through the cross-section is equal to 0 (according to Stokes it differs from
sinh 2 4 sinh . 
International Journal of Ocean and Climate Systems zero). The averaged mass transfer, however, takes place. In the surface layer it is directed along the wave movement, while in the lower layers it moves towards the propagating waves. The transfer velocity of fluid particles u t is determined by the formula (33) where z 0 -vertical coordinate of fluid particles in unperturbed state. The depth z * , which is the boundary between positive and negative directions of the transfer current, can be determined from the equation (34) On the surface the transfer velocity of fluid particles will be equal to (35) and near the bottom In the surface layer the speed u t is positive, while in the bottom layer it is negative. The existence of a compensatory flow is verified by experiment, (Shakhin (2001) ). The experiments were conducted in a wave flume. The flume bottom was horizontal. The waves were generated by a wave-maker, mounted in a pit near one of the end walls, and were dampened by a wave absorber at the other end wall of the flume. The measurements were taken in the middle part of the flume, approximately 10 meters away both from the wave-maker and the wave absorber. Two series of experiments were conducted respectively for the conditions close to "deep" and "shallow" water.
In the first series it is assumed: depth of water d = 70 cm; wave amplitude a = 3.5 cm; wave period T = 1 s.
In the second series of experiments these data had the following values: d = 37 cm; a = 3.5 cm; T = 2 s.
Victor M. Shakhin and Tatiana V. Shakhina
For measuring the velocity in the surface layer, indicator particles were used. Indicator particles had the form of a negative buoyancy triangle plate with the area of 5-7 mm 2 , held by a thin thread at the distance of about 2 cm from the surface with the help of small balls with positive buoyancy. In the bottom layer an ink mark was inducted as an indicator. The transfer velocity was determined by the movement of the indicator particle or the ink mark during 10 wave periods. The record of the indicators movement in relation to the coordinate grid, plotted on the transparent side wall of the flume, was done by a videocamera. In course of information processing the positions of the indicators at certain time moments were registered from the screen picture.
The measured and the calculated values of the velocity are presented in the Table 1 . It can be seen, that they satisfactorily correspond to each other.
The existence of a compensatory reverse flow is usually associated with the influence of the shore, (Leontiev, 1989) : the wave transfer of the fluid creates surge, under the impact of which the reverse flow is formed. However physical experiments showed that the reverse flow in the studied range emerges as early as the first waves pass, before they "meet" the shore boundary. Obviously, the compensatory reverse flow is an integral part of the wave process, and it is a "reaction" of the fluid to the potential alteration of the average level as a result of mass transfer in the upper layer.
Therefore, the transfer current in the direction of the wave propagation exists only in the upper layer of the fluid. In the bottom layer a reverse flow is formed. It can be also noted, that the impact of the surface waves is not limited by the depth, which is approximately equal to one half of the wave length. A substantial compensatory reverse flow can be formed at the depths considerably exceeding the wave length. This factor should be taken into account when accessing the water exchange in benthic zone and forecasting the evolution of the shelf terrace as a result of the sediment accumulation.
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To the third approximation the solution of the problem eqns. (12)- (19) Wave height H, determined as the difference of free surface layers by x = 0 and x = π, will be equal to (42) In the dimensional form the wave height is determined by the relation
In dimensional variables and stationary system of coordinates the wave profile and the velocity components are expressed by the relations, 
As an example, the Fig. 3 presents the calculated wave profile of a relatively high height. It can be seen, that the profile of a finite amplitude wave differs considerably from the profile, calculated according to the linear theory. The crest of a non-linear wave is higher and shorter than the depth and the length of the trough. Comparing the expressions for the kinetic eqn. (50) and the potential eqn. (51) energies it is evident, that for the waves of a small amplitude (ε → 0), as noted above, the potential energy is equal to the kinetic energy. However, for the waves of greater amplitude they differ from each other. The Fig. 4 and 5 present the graphs of the potential and the kinetic energy for waves in the deep water and for relatively long waves. It is evident that in deep water, when the height of waves increases, the difference between the potential and the kinetic energies becomes greater, than same in the shallow water. The full energy of the wave with the growing height, calculated with the adjustment for non-linearity, decreases both in the deep and in the shallow water, when compared to the respective value, determined by the formula for the linear waves eqn. (47).
Energy flux
The average energy flux of a progressive wave with a unit width, passing through a vertical section, perpendicular to the axis x, is determined by the relation, (Le Mehaute, 1969) (56) where p = pressure.
For a non-stationary potential flow, the trinomial in the round brackets in the equation (56) According to this, the equations for the average energy flux eqn. (56) can be presented as follows (57) The expression for the velocity potential to the 3 rd approximation in dimensional variables and a stationary system of coordinates can be recorded as, (Shakhin and Shakhina (2009)) (58) After accomplishing differentiation and integration procedures with regard for the dispersion relation eqn. (49) with the accuracy ε 4 we derive For waves in the deep water the average flow of energy is equal to (60) The speed of the wave energy propagation C gr can be determined from the relation (61) For waves in the deep water we obtain 
The above-presented solutions for progressive waves, obtained by the method of asymptotic expansions in power series of a small parameter, which is expressed by the characteristic amplitude of free surface fluctuations multiplied by the wave number, are applicable in a certain range of the major parameters. For evaluating the field of application of Stokes theory, the Ursell parameter given below is used (Le Mehaute (1969) , Shwarz & Fenton (1982) ) (63) Approximately it can be accepted that in the range of 0 < U R ≤ 20 Stokes theory is correct. It is necessary to take into account the criterion of the wave breaking (Shwarz and Fenton, 1982) . In particular, for the deep water the maximum height of progressive waves is equal to H max ≈ 0.141λ.
Solitary and cnoidal waves
The theoretical description of surface waves with a relatively long length (U R > 20) is done by the method of asymptotic expansions in power series of a small parameter, which indicates the ratio of the fluid depth to the characteristic length of the wave. The solution for non-linear periodical waves in the shallow water accurate to the 2 nd approximation was initially obtained by Korteweg and de Vries (1895) . It was determined that the profile of stationary waves with finite amplitude can be described with the use of cn = Jacobi function. Such waves, as suggested by the authors, were named cnoidal. The approximation of cnoidal waves includes linear and solitatry waves as extreme cases. The parameters of cnoidal waves, including those with accuracy over the 2 nd approximation, were studies in the works Keller (1948) , Fridrichs and Hyers (1954) , Moiseev and Ter-Krikorov (1959) , Laitone (1960) , Chappelar (1962) , Fenton (1979) , Sobey et al. (1987) .
In the work by Ovsyannikov (1983) the parameters of cnoidal waves are determined for the whole range of their existence, adjusted for the wave height limit, which originates from Bernoulli integral. The problem is formulated as follows.
In the system of coordinates (x, z), which moves with the phase speed of the wave, it is required to find the wave profile h(x) and the velocity potential φ(x, z) for the range 0 < z < h(x), which satisfies the equation (64) by the following boundary condition by z = 0,
where z = 0 -impenetrable lower boundary of the calculation field; z = h(x) -upper boundary of the calculation field (wave profile); b = Bernoulli constant. For any solution of the problem the following inequality must be applied To the integral parameters belong the flow rate in the calculation field (68) and the impulse integral (69) where q -relative density of impulse distribution by the x coordinate. The solution of the problem in the work of Ovsyannikov (1983) was found with respect of the parameters a, b, q, which are considered predetermined. After introducing non-dimensional parameters of (70) and replacing the variables (71) for the function the differential equation is written as follows (72) It is noted, that the solutions of the equation (72) can de periodical and aperiodical. All these solutions are given in one formula (73) where cn = elliptical cosine -Jacobi function; y 1 , y 2 , y 3 = roots of the polynomial f (y), preset by the formula eqn. (72).
The roots of the polynomial with the parameters σ and ϑ are bound by Vieta formulae .
If we introduce designations η = y 3 and then we can record
The parameters σ and ϑ are uniquely expressed by the parameters η and ξ 
The relations for the general (non-dimensional) wave parameters look as below:
wave height (74) wave length (75) wave phase speed (76) where K(ξ) = complete elliptical integral of the first kind; E(ξ) = complete elliptical integral of the second kind. The major parameters of the wave are bound by the relation depending only on ξ 
or (80) As specified above, the work of Ovsyannikov (1983) contains the expressions of all major cnoidal waves parameters, obtained through the two independent parameters, defined by the flow rate and energy characteristics of waves. However, these parameters do not belong to directly measured data. Let us determine the characteristics of cnoidal waves subject to common external parameters: water depth d, wave height H and period T. The equation for the wave profile eqn. (73) in dimensional variables is as follows (81) where x = horizontal coordinate in the system of coordinates, moving with the phase speed of the wave C; h(x) = free surface profile in relation to the bottom level; h 2 = wave trough mark; h 3 = wave top ( 1) Basing on the results, obtained in the work Ovsyannikov (1983) , it is possible, knowing d, H and T, to find the data ξ, h 2 , h 3 , λ and C. Let us introduce the external non-dimensional parameters: parameter of non-linearity α = H/d and parameter of dispersion where g = gravitational acceleration. Then for determining the internal parameter ξ from eqn. (72), we obtain the equation (82) In view of a monotonous increase of F(ξ) from 0 to +∞ by altering ξ from 0 to 1, from this relation with the preset external parameters d, H, T, that is, preset α and β, is uniquely determined.
After determining ξ, the values of h 2 , h 3 , C and λ are defined by the formulae
Thus, as per (Ovsyannikov (1983) and considering the limitation for the maximum rise of the level h 3 , we obtain the relation (87) Particularly interesting is the issue concerning the functional dependence of the wave phase speed on their height. Let us analyze eqn. (85) in the two extreme cases, (Shakhin and Atavin (2004) ). 1) When the relation α/β is small, it follows from the equation (82), that the internal parameter ξ is also small (ξ ≈ 4α/π 2 β), and for the phase speed C from the relation (85) we obtain the following expansion in series of a small parameter α (88) where Thus, to the 1 st approximation, by small α, the dispersion relation for cnoidal waves (as well as for Stokes waves) does not contain the wave height.
2) When the relation α/β is big, which in view of the limitation eqn. (87) is possible only by small values of β, it follows from eqn. (82), that ξ → 1 (solitary waves), and for the phase speed C from the relation (85) we obtain the below approximate equation: 
Generally, the relation of the cnoidal waves phase speed from the parameters α and β is illustrated by the Fig. 6 . Figure 6 shows, that by = α/β < 2 the phase speed C does not virtually depend on the wave height Η. The line β = 0 in this figure refers to the solitary waves.
The above integral parameters a, b, q can be calculated by the formulae (90)
where The solution of the equation for the velocity potential eqn. (64), satisfying the condition at the bottom eqn. (65), can be recorded as follows, (Ovsyannikov (1983) . (93) where A = A(x) -random infinitely differentiated function.
For the velocity components to the 2 nd approximation we obtain q g h h h h h h ( ) , 
Since in the stationary two-dimensional potential flow the trajectories of the moving fluid particles coincide with the stream lines, where ψ = const, thus, knowing the velocity eqn. (98), it is possible to determine the time t z , during which the virtual fluid particles, being at different levels, pass the distance along the x axis, equal to the length of the wave. Further, knowing the length λ and the phase speed C of the wave, it is possible to determine the average transfer velocity, with which the real fluid particles move (102) As an example, the respective calculations of the velocity u t , based on eqns. (98), (101), (102), are carried out using the following external parameters: water depth d = 10 m; wave height H = 3 m; wave period T = 8 s. The results of the calculations are shown at the Fig. 8 , where z 0 = vertical coordinate of the fluid particle in the unperturbed state. It can be noted that, as well as with refined solution for Stokes waves (see eqns. (33)- (36)), the mass transfer, described by the mathematical model for cnoidal waves, takes place also in two directions: in the surface layer the average current is directed along the movement of the waves, while in the bottom layer a compensatory counter-flow is formed. 
